A necessary and sufficient condition for a continuous uniformly piecewise linear map of a compact interval to have the Shadowing Property is that its turning point set be linked.
Introduction
Given a a positive number, a sequence {x } of points in a metric space (X, d ) is called a ô-pseudo-orbit of a map /: X -> X if d(f(Xj) ,xj+x)<ô for every ;'.
A point x £ X e-shadows {x.} if d(fJ(x), Xj) < e for every ; .
We say / has the Shadowing Property on X if: For every e > 0, there exists ô > 0 such that every ô-pseudo-orbit {xA of f in X can be e-shadowed by a point in X. Earlier work on pseudo-orbits and shadowing includes Anosov [A] , FrankeSelgrade [FS] , Bowen [Bo] , Walters [W] , and Coven-Kan-Yorke [CKY] .
In this paper, we study maps that are conjugate to continuous uniformly piecewise linear maps of a compact interval to itself, and we show for this kind of maps, that the Shadowing Property is completely determined by the dynamics of their turning point sets. Our main result is:
Theorem. Suppose f is a map that is conjugate to a continuous uniformly piecewise linear map of a compact interval to itself. Then f has the Shadowing Property if and only if it has the Linking Property.
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Preliminaries
(a, b) is used to denote a closed interval with endpoints a and b , regardless of the order of a and b. If /: / -> I is continuous, defined on a compact interval /, and takes its local extrema at finitely many points, then / is called piecewise monotone. Those points at which / takes local extremum are called turning points of /, and the set of all turning points of / is denoted by C(f). Notice that our definition includes the endpoints of / as turning points.
The orbit of x under / is defined by orby(x) = {x, f(x), ... , fn(x), ...} . The co-limit set of x is defined by co(x, f) -{y\f"k(x) -* y for a sequence nk / +00} . Let B(x, r) denote the closed ball of radius r about x in a metric space, then in a compact interval / we have B(x, r) = [x -r, x + r] n /.
The following lemma, proven by Coven, Kan, and Yorke in [CKY] , is used in the proof of our main result.
Lemma 0 ( [CKY, Lemma 2.4] ). Suppose f is a continuous map of a compact metric space (X, d). f has the Shadowing Property provided there is a constant X > 1 such that for every e > 0, there are ô > 0, a positive integer N, and for each x £ X a positive integer « = n(x) < N so that
(1) f[B(f(x),e + ô)] c {f"+\y): d(x,y) < e andd(fJ(x), fJ(y)) < Xe for I <j<n}.
A. Linkings and the Linking Property Definition 1. Suppose / is a map of a compact metric space (X, d) to itself and e is a positive number. We say a point x £ X is E-linked to a point y £ X by f (or there exists an e-linking from x to y for f ) if there exists an integer m > 1 and a point z e B(x, e) such that fm(z) = y and d(fj(x),fj(z))<e for0<j<m.
We say x £ X is linked to y £ X by f if x is e-linked to y by / for every e > 0. We say a subset C of X is linked (resp. e-linked) by f if every point c £ C is linked (e-linked) to some point in C by /.
The set of points to which x can be linked (resp. e-linked) by / is denoted by s/(x,f) (resp. J>/A\x,f)).
Remark 1. x is linked to y by / if and only if for any sequence {e^.} with ek -> 0, there are a sequence of integers mk and points zk £ B(x, ek) so that fm*(zk)= y and d(fj(x),fj(zk))<sk for0<j<mk.
In particular, when y £ orb^(x), we have mk -> 00 and fmt(x) -* y. This implies that y 6 co(x, f). Moreover, orb^x) c srf (x, f) c co(x, f) U orb Ax) for every x £ X. Remark 3. Given x £ X, for every y e co(x, f) we have s/(y, f) c co(x, /).
Linking Property. For a piecewise monotone map f of a compact interval I to itself let C(f) be the turning point set of f. We say f has the Linking Property if C(f) is linked by f.
The following lemmas are obvious (cf.
[Ch]).
Lemma 1. The Linking Property is preserved by a topological conjugacy.
Lemma 2. Suppose f is a map of a compact metric space (X, d) and C is a finite subset of X. Then there is e > 0 such that for every c £ C, if c is e-linked to some point b £ C, then c is linked to b.
In particular, there is e > 0 such that if C is E-linked by f, then C is linked by f. Remark 6. It is easy to see from the definitions that x is e-linked to y iff y £ Dk(x, e) for some k > 1, i.e. 
Main result and proof
In this section, we prove the following theorem:
We need the following facts: Fact 1. The Shadowing Property on a compact space is preserved by a topological conjugacy.
Fact 2. Suppose / is a continuous map of a compact metric space to itself. Then for any integer « > 1, / has the Shadowing Property if and only if f" does.
The direction "<=" of Fact 2 can be proven by the uniform continuity of / and the inequality of the metric d for any 0 < / < « -1 and k > 0
i=o According to Fact 1 and Lemma 1, we can assume that / is uniformly piecewise linear without loss of generality. According to Fact 2 and Lemma 4, the Shadowing Property and the Linking Property for / are equivalent respectively to these properties for any iterate of /. Since s > 1 , we have slope(/") = s" > 2 for « > In 2/In 5 . Replacing / by /" if necessary, we can assume 5 = slope(/) > 2 in the following proof. Let b0 be any point of co(c, /) n C(f), then by (13) and (14), there is /, > 1 such that bx -f'(b0) £ co(c, f) n C(f). Replacing b0 by bx , we can find l2 > 1 such that f'2(bx) = f!]+'2(b0) £ co(c, f) n C(f). By induction, for every k > 1, we have {lk} , lk > 1 and bk = fl<+-+l*(b0)£co(c,f)nC(f).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
Since C(f) is finite, there are k', k" with k' < k" satisfying bk< = bk» . It follows that bk> £ co(c, f) n C(f) is a periodic point of / and by Lemma 9, we are done. D Proposition 11. If f is continuous uniformly piecewise linear, then the Shadowing Property for f implies the Linking Property for f.
Proof. Suppose / has the Shadowing Property and let c be any point of C(f) ; we want to show that c is linked to some point of C(f). By Lemma 6, we have co(c,f)nC(f)¿0.
If c is not linked to any point of C(f), then by Lemma 7, every point b £ co(c, f) n C(f) must be linked to a point b' £ C(f), and by Remark 3, we have b' £ co(c, f). Hence, co(c, f) n C(f) is linked by /. By Lemma 10, we have a contradiction. D 2. The proof that Linking Property =*■ Shadowing Property. The basic idea of our proof is the same as that given by Coven-Kan-Yorke [CKY] for tent maps. Here we just give a sketch of the proof to show the reader how the idea works for uniformly piecewise linear maps with more than one internal turning points.
Pick c £ C(f), x £ I, and e > 0, which remain fixed until the end of the section. It is not hard to prove the following (cf. It is easy to see that in our language this is just the condition that 1 is linked to itself. Thus our main theorem generalizes Theorem 4.2 of [CKY] . 2. Transitive piecewise monotone maps of the interval. A continuous map / of a compact metric space X to itself is (topologically) transitive if there exists a dense orbit of / in X. /is strongly transitive if for any open subset U c X, there is an integer « > 0 such that \Jnj=0fJ(U) -X and / is topologically mixing if for every pair U, V of nonempty open sets, there exists an integer N such that f~"(U) n V ^ 0 for every n > N. It is easy to see that topologically mixing gives a dense orbit.
By Coven-mulvey [CM] (cf. Block-Coven [BC] ), transitivity and strong transitivity are equivalent for a continuous piecewise monotone map /: I -> I.
In [P] , W. Parry proved that every continuous strongly transitive piecewise monotone map of a compact interval is conjugate to a continuous uniformly piecewise linear map of the unit interval onto itself. This implies that For a (strongly) transitive continuous piecewise monotone map of the interval, the Shadowing Property and the Linking Property are equivalent.
3. Exact and semiexact piecewise monotone maps. Suppose f: I -* I is a map of a compact interval to itself. / is (topologically) exact if for each nontrivial interval J c I there exists « > 0 such that f(J) = I, and / is semiexact if there exist closed intervals Ix, I2 c / with I = Ix U I2 and Int/[ n Int/2 = 0 such that /(/,) = I2 and f(I2) = Ix , and the restriction of 2 / to /j is exact. It is easy to see that if / is exact, then it is topologically mixing; and if / is semiexact, then it is strongly transitive.
If In general, by a result in [Pr] , if / is a continuous (strongly) transitive piecewise monotone map on 7, then / is either exact or semiexact; but, it follows from the above that if / is semiexact, then / does not have the Shadowing Property. Hence Corollary. For a continuous piecewise monotone map fofa compact interval to itself with the Shadowing Property, the following statements are equivalent:
( 1 ) / is (strongly) transitive, (2) f is exact; (3) / is topologically mixing.
